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Abstrat. We present all Petrov type D pure radiation spae-times, with or
without osmologial onstant, with a shear-free, non-diverging geodesi prinipal null
ongruene.
1. Introdution
A spae-time is said to belong to Kundt's lass if it admits a null ongruene, generated
by a vetoreld k˜, whih is non-diverging (i.e. whih is both non-expanding and non-
rotating and therefore also geodesi). In the ase of a pure radiation eld, whih, by
denition, has an energy-momentum tensor of the form Tab = φkakb, with kak
a = 0, φ 6=








that k and k˜ are aligned and that the assoiated null ongruene is shear-free :
Rabk˜
ak˜b = −2σσ ⇒ σ = 0 and Rabk˜ak˜b = 0,
Rab = φkakb + Λgab ⇒ k ∝ k˜,
where Λ is the osmologial onstant. The Goldberg-Sahs theorem implies then that the
Kundt spae-times must be algebraially speial (type II, D, III or N or onformally
at) and that k˜ is aligned with a repeated prinipal null diretion of the Weyl tensor.
Conversely, for aligned Petrov type D pure radiation elds, it follows immediately
from the Bianhi equations (without invoking the energy onditions) and from
Ψ0 = Ψ1 = Ψ3 = Ψ4 = 0, Ψ2 6= 0, (1)
Φ00 = Φ11 = Φ01 = Φ12 = Φ02 = 0, Φ22 6= 0, (2)
that
κ = σ = λ = 0, (3)
suh that the prinipal null diretion k aligned with the radiative diretion is geodesi
and shear-free, i.e. the onverse part of the Goldberg-Sahs is generalized to this situa-
tion. Moreover, it is known that aligned Petrov type D pure radiation elds annot be of
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(null) Maxwell type[4℄ nor of (null) neutrino or salar eld type[3℄, while Wils[1℄ showed
that k is neessarily non-twisting (ρ = ρ). The diverging solutions (ρ 6= 0) then belong
to the Robinson-Trautman lass and are all expliitly known[2℄. In the non-diverging
ase ρ = 0, however, only a few type D examples are available[3℄; here we present all
solutions belonging to the latter lass.
As shown by Kundt[5℄ in 1961 the line-elements admitting a geodesi, shear-free and
non-diverging null ongruene an all be expressed in the form:
ds2 = 2P−2dζdζ − 2du(dr +Hdu+Wdζ +Wdζ), (4)
in whih P is a real funtion of (ζ, ζ, u) and H,W are respetively real and omplex
funtions of (ζ, ζ, u, r), to be determined by appropriate eld equations. The vauum
solutions of this type have been known for a very long time[6℄. A proedure (based on
Theorem 31.1 in [2℄) is also available allowing one to generate non-vauum solutions
of Kundt's lass, from vauum solutions. However, in this way the Petrov type of the
metri generally will be hanged from D to II. Insisting that the Petrov type does not
hange, onstrains the funtion H0 of the `bakground-metri' and it was not ertain
whether one ould generate all pure radiation solutions in this way. This tehnique was
used in [3℄, where the authors managed to onstrut a family of type D pure radiation
elds and where they onjetured that these solutions were the only aligned type D
pure radiation elds of Kundt's lass. Below we show that the solutions obtained in [3℄
only over a small part of the entire family, whih we present in this paper.
The most obvious way to nd all type D pure radiation elds of Kundt's lass, is
to start from the general Kundt metri (4), express that the solutions we are looking for
are of Petrov type D, and to make sure that the eld equations for pure radiation are
satised. This however introdues a hard to solve system of non-linear onditions. We
therefore prefer to start from the general Geroh Held Penrose (GHP)[7℄ or Newman
Penrose (NP)[8℄ equations, where we follow the notation and onventions of [2℄, and to
extrat from these all possible invariant information, before introduing any oordinates.
2. GHP analysis
Introduing the set of onditions (1)-(3) and the non-diverging ondition ρ = 0 within








ðΦ22 = 3νΨ2 + τΦ22, (5)
ð
′Φ22 = 3νΨ2 + τΦ22.
The GHP Rii equations then redue to
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Þτ = 0,
ðτ = τ 2,
ð





′µ = (µ− µ)π,
ð




Þν = Þ′π + (τ + π)µ,
Þ
′µ = ðν − µ2 + νπ − ντ − Φ22, (7)




The remaining basi variables at this stage are µ, ν, π, τ,Ψ2 and their omplex
onjugates, together with Φ22; the osmologial onstant Λ appears as a parameter.
From the integrability onditions for Ψ2 one obtains :
Þν = 0,
Þµ = ππ − ττ ,
ðµ = −Þ′τ,
Þπ = 0,




′π = −(τ + π)µ.











τ = 0. (9)




















′τ = µτ − µπ − 2µτ, (10)
after whih [Þ′, ð] π results in a seond algebrai equation
µQ = 0, Q = 6(τπ + τπ) + 3(ττ + ππ)− Λ+ 3(Ψ2 +Ψ2). (11)
From ð(9)− 2τ(9) one readily infers
ππ = ττ . (12)
In the ase where π = τ = 0, ðπ = 0 and Þ′ðπ = 0 yield
Ψ2 = −Λ
3
, µ = 0 (13)
and all the above equations are identially satised. Consider now the remaining ase
πτ 6= 0, and introdue the zero-weighted (i.e. spin- and boost-invariant) quantities
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, τ = ATB, (16)










(B = B−1). (17)
Within this notation, the equations (9) and (11) translate into
(T + 1)(2A2 + Λ/3) + Ψ2 + TΨ2 = 0, (18)
µQ = 0, Q ≡ 2(T 2 + T + 1)A2 + T (Ψ2 +Ψ2 − Λ/3), (19)
respetively. Furthermore, we dene the (-2,-2)-weighted quantities
X ≡ ðν, N ≡ Bν (20)
and the zero-weighted derivative operators
D ≡ B−1 ð, D′ ≡ B ð′. (21)
From (5)-(7), [Þ′, ð]µ and [ð, ð′]ν one then dedues the following autonomous rst-
order system for the zero-weighted elds Ψ2, Ψ2, T, A and the (-2,-2)-weighted elds
X, X, N, N, Φ22:
DΨ2 = 3ATΨ2, DΨ2 = −3AΨ2, (22)
DT = AT (T + 1), DA = −A2 − 3Ψ2 + Λ
6
, (23)
DX = A(4T + 1)X −ATX − 2A2T (T + 1)N + 2A2(T + 2)NA2
+ (3Ψ2 +Ψ2 + Λ/3)N − A(T + 1)Φ22, (24)
DX = A(T − 1)X + (4Ψ2 + Λ/3 + 2A2)N, (25)










DΦ22 = ATΦ22 + 3Ψ2N. (27)
For later use, one immediately observes from (23) that T onstant implies T = −1.
Also notie that (22),(23) forms a zero-weighted subsystem, whereas the equations
(24)-(27) are (-2,-2)-weighted, suh that their right hand sides are neessarily linear
and homogeneous in X,X,N,N,Φ22. The omplex onjugates of (22)-(27) yield an
analogous D′ system. However, as dedued from [ð, ð′]Φ22, both systems are onstrained
by
3T (Ψ2X −Ψ2X) + 6A(T 2Ψ2N −Ψ2N) + T (Ψ2 −Ψ2)Φ22 = 0, (28)
whih is again linear and homogeneous in X,X,N,N,Φ22.
We are now ready to prove:
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Theorem W.r.t. a Weyl anonial tetrad (1),(2) any aligned Petrov type D pure
radiation eld, for whih the prinipal null diretion, aligned with the radiative diretion
is non-diverging, satises the following boost- and rotation-invariant properties:
κ = σ = ρ = 0, λ = µ = 0, ν 6= 0, (29)







Proof It immediately follows from (7) that µ = ν = 0 is inonsistent with Φ22 6= 0,
and from (9) that π + τ = 0 implies Ψ2 to be real. By (13) the theorem is true in the
ase where π = τ = 0, and it remains to establish µ = 0 and π = −τ (T = −1 in the
above notation) when πτ 6= 0.
Referring to (19), we rst treat the ase Q = 0. Two linear and homogeneous
systems in X,X,N,N and Φ22 are obtained from [(28), D(28), D′(28), DD′(28)℄ and
DD(28), respetively D′D′(28). As Φ22 6= 0, the determinants of these systems must
vanish. This yields two polynomial relations in A2, Λ,Ψ2, Ψ2 and T ; eliminating A
2
and Λ by means of (18) and Q = 0, and appropriately saling the results with Ψ2,
yields two polynomial relations in the zero-order variables T and k ≡ Ψ2/Ψ2 of the form
(T + 1)3T 7Pi(T, k) = 0, i = 1, 2, where P1 and P2 are irreduible and non-proportional.
Thus T is onstant, whene T = −1 and Ψ2 = Ψ2. Substituting this into Q = 0 yields
ππ −Ψ2 + Λ/6 = 0, and alulating the Þ′-derivative hereof gives µ = 0.
Thus µ = 0 in any ase, and (7) implies
ð
′ν = ðν = −πν − πν + Φ22, i.e., X = X = −A(N − TN) + Φ22. (31)
Substituting this in [(28),D(28),D′(28)℄, [(28),D(28),DD(28)℄ and [(28),D′(28),D′D′(28)℄
yields three linear and homogeneous systems in N,N and Φ22. Eliminating A
2
and Λ
from the three determinants and (18) leads to two polynomial relations in T and k with
(T + 1)3 as the only ommon fator, suh that again T = −1 and Ψ2 = Ψ2. Inserting
this and (31) into (28) implies N = N (i.e., ν/π is real), a nal D-derivative of whih
yields
AΦ22 = N(Ψ2 + Λ/3),
the translation of the last equation of (30). 
One heks that, given the speiations (1),(2) and (29),(30), the remaining GHP
equations are onsistent, suh that orresponding solutions exist. Referring to (19) and
the above proof, we nally remark that all derivatives of QΨ
−2/3
2 are zero, suh that
one has the following important relation:




2 , c1 constant. (32)
Beause of (13), this only yields new information when π 6= 0; the ase c1 = 0⇔ Q = 0
will be distinguished from c1 6= 0 for the orresponding integration in § 3.2.
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3. NP analysis
In order to onstrut the metris, we now swith to the NP-formalism, where we
rst introdue the invariant information, as obtained above. Appropriate boosts and
rotations allow one to put ǫ = 0 and β = −(α + π). This xes the null tetrad up
to rotations and boosts satisfying Dθ = 0 and DA = 0 = δA = δA. As ν 6= 0 and
Dν = (Þ− 3ǫ− ǫ)ν = 0, one an ompletely eliminate the rotational degree of freedom
by requiring ν = ν. By (30) this implies π = π. The solutions an then be divided into
two families : one in whih π = 0 and one in whih π 6= 0. We also introdue γ0 and
γ1/ν, the real and the imaginary part of γ, respetively.
3.1. The family π = 0
In this ase (8) shows Ψ2 = −Λ3 6= 0. The NP Rii equations an then be rewritten in
the form :







δν = −2αν, (35)
δν = −2αν,
and
δγ0 = 0, (36)
ν∆α− iδγ1 = 0, (37)




The Bianhi-equations now yield an expression for δα (by whih (38) beomes an
identity) :




By (33) and (35) ν annot be onstant and this allows one to use ν as a oordinate.
As is lear from (34), γ0 provides a seond independent funtion and hene an be
used to dene a oordinate r = −2γ0/Λ. As δγ0 = 0 it follows that ω4 = dr + Hω3
(H = −∆r, ωi representing the basis one-forms). From (35) we see that we an write
ω
1 + ω2 as :
ω







dω1 = 2αω1 ∧ ω2 + 2iγ1/ν ω1 ∧ ω3, (40)
dω3 = 0,
dω4 = ν(ω1 + ω2) ∧ ω3 − 2γ0ω3 ∧ ω4,
Petrov type D pure radiation elds of Kundt's lass 7
showing that a funtion u exists, suh that ω3 = du. A fourth oordinate x is dened
by writing ω
1−ω2 = i(Ndν+Udu+4νXdx), with N,U,X real funtions of (u, r, x, ν),
where the fator ν has been introdued for later onveniene. From (40) it then follows
that the funtions N,U and X are independent of r, so a transformation of x an be











4 = dr +Hdu,
where U and X are real funtions of (u, ν, x) and H is a real funtion of (u, r, ν, x). The
orresponding diretional derivatives are then given by :
























Note that, beause of the remaining boost freedom, r is xed only upto transformations
of the form r → g1(u)r + g2(u).




, s = ±1. (42)
Applying [∆,D] and [δ,∆] to r, we obtain an expression for H(u, r, ν, x) :
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We now distinguish two sublasses m = 0 or m 6= 0 (in both lasses b and n are
arbitrary real funtions of u) :
3.1.1. The lass m(u) = 0
Notie that, if m(u) = 0, (42) shows that Λ < 0 and we put α0 = α =
√−2Λ/4. (45)
shows that γ1 is independent of x. (44), (43) and (47) then yield








where U1 is a funtion of (u, x).
As ω
1












dν + 2iνXdx, (50)
with γ1 a funtion of u and U1, X funtions of (u, x), we see that iνU1(u, x) an be








− 16γ1α0X3 = 0, (51)
where there is still freedom in the hoie of x.
If γ1 = 0 the solution of (51) is of the form X(u, x) = f(x)/b(u), where we an put
f(x) equal to 1 by a transformation of x. After a transformation of the r, ν and u o-
ordinates, the resulting metri turns out to be preisely the subase γ1 = 0 of (53) below.
If γ1 6= 0, we an use ∆ν/ν as oordinate x, (as [δ,∆]ν and [δ,∆]ν show that
(δ − δ)∆ν 6= 0, ν, u and ∆ν are ertainly funtionally independent). From (46) we get
X(u, x) = −1/(16γ1α0), while (43) and (44) yield













Using a oordinate transformation x −→ 16xγ1(u)α0, and resaling γ1 and ν, we obtain
ds2 =
[
2n− Λr2 − ν + γ21
(
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3.1.2. The lass m(u) 6= 0
































γ1 = 0. (57)
Applying the oordinate transformation x → y(x), with dy
dx











γ1 = P1(u)Σ(2y + P2(u)), (59)
with Σ = sin or sinh aording to the sign of s. We an now use the freedom in the
hoie of r to put P1(u) equal to 1.
After resaling γ1 and applying a transformation ν → mν/
√
2, we get the following
expression for the line-element :
ds2 =
[
























− ν2dy2 − 1
s− Λν2dν
2. (60)
3.2. The family π 6= 0
In this ase (30) yields
Φ22 = −ν(Ψ2 + Λ/3)
π
.
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while the NP Rii equations yield
α =
3Ψ2 + Λ− 6π2
12π
, γ = γ
and
δν = −ν(3Ψ2 + Λ)
6π
,







Dγ = −c1Ψ2/32 .
We thus have the total derivatives :
dγ = ∆γω3 − c1Ψ2/32 ω4,
dν = −ν(3Ψ2 + Λ)
6π
(ω1 + ω2) + ∆νω3,






dΨ2 = −3πΨ2(ω1 + ω2).
Remember Ψ2 = Ψ2(π) (32). We an use π (or Ψ2) as a oordinate, but we prefer to
write π = π(x), Ψ2 = Ψ2(x) et.
The Cartan equations and the diretional derivatives of π show that we an write the
basis one-forms as :
ω
1 = Sdx+ i(Udu +Xdx+ fdy), (61)
ω
3 = du, (62)
ω
4 = dr +Hdu+ Fdx+Gdy, (63)
where f, F,G,H, U and X are real funtions of (u, r, x, y), and S is a real funtion of x,









S(6π2 + 3Ψ2 + Λ). (65)































Applying [∆,D] and [δ,D] to y shows f , U and X are independent of r, so a
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transformation of y exists making U = 0. From [δ,∆]y it then follows that f and
X are independent of u so a further transformation of y exists, making X = 0. Next








′(y) in f being absorbed in dy. From the diretional derivatives of γ,
we get γ = −c1Ψ2/32 r + γ′(u, x, y), F (u, r, x, y) = −4π(x)rS(x) + F1(u, x, y) and





= −c1Ψ2/32 F1, (70)
∂γ′
∂y
= −c1Ψ2/32 G1. (71)
Notie also that, in ase c1 = 0, γ
′
is a funtion of u only, suh that we an use the
remaining boost freedom to put γ′ equal to zero. This allows us to write γ′ = c2
1
b.

































where m(u), n(u) and b(u, x, y) are real funtions.
If we use Ψ2 as oordinate x, and perform a translation of r → r+ c1b(u, x, y)/x2/3,
the line-element for this family is given by












6x− Λ + 6c1x2/3
)
dy2. (74)
Notie that, in the ase where c1 6= 0, we an x the boost by requiring n = 1.
4. Conlusions
We an state that all Petrov typeD pure radiation metris, with or without osmologial
onstant, whih admit a non-diverging null ongruene, an be written in one of the three
forms (53), (60) or (74). Metri (74) redues to the metri of Wils and Van den Bergh[3℄
for n(u) = 0. One an readily show that the subase γ1 = 0 of (53) is a singular limit of
(60). But whether or not (53) with γ1 6= 0 is a singular limit of (60) is not yet lear. It is
lear that in general (74) admits at least one Killing vetor eld. More isometries may
arise for partiular hoies of the parameters and free funtions. A detailed disussion
of the physial properties of these metris will be given in a follow up paper.
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